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EQUIVARIANCE AND IMPRIMITIVITY FOR DISCRETE 
HOPE C*-COACTIONS 

S. KALISZEWSKI AND JOHN QUIGG 



Abstract. Let U, V, and W be multiplicative unitaries coming from 
discrete Kac systems such that W is an amenable normal submultiplica- 
tive unitary of V with quotient U. We define notions for right-Hilbert 
bimodules of coactions of Sy and Sy, their restrictions to Sw and Su, 
their dual coactions, and their full and reduced crossed products. If 
N{A) denotes the imprimitivity bimodule associated to a coaction S of 
Sv on a C*-algebra A by Ng's imprimitivity theorem, we prove that 
for a suitably nondegenerate injective right-Hilbert bimodule coaction 
of Sv on aXb, the balanced tensor products N[A) ®^xs (aXb x Sw) 
^^ , and [aXb x Sv Xr Su) ®sxs xrS ^i-^) ^■'^ isomorphic right-Hilbert 

("^ ' A X Sv XrSu - B X Sw bimodules. This can be interpreted as a natural 

equivalence between certain crossed-product functors. 
O 

(N 

Q\ . 1. Introduction 



Since Baaj and Skandalis introduced multiplicative unitaries in 1^1 as a 

generalization of locally compact groups, and proved a duality theorem ([^, 

"q I Theoreme 7.5]) for crossed products by coactions of the associated Hopf C*- 

Ch ' algebras, there has been much interest in extending other results for group 

f [^ [ actions and coactions to this context. Recently Ng (|18|) has defined notions 

of sub- and quotient multiplicative unitaries, and has proved that for multi- 
- plicative unitaries U, V, and W coming from discrete Kac systems such that 

rS I VF is an amenable normal submultiplicative unitary of V with quotient U, 

C^ ■ and for any injective nondegenerate coaction 6 of Sy on a C*-algebra A, the 

iterated crossed product Axs Sy x^, _^ Su is Morita equivalent to Axg^ Sw 
( ||l8| . Theorem 3.4]). This is an analog both of Green's celebrated imprimi- 
tivity theorem (§), which implies that for an action a of a group G on A 
and a closed normal subgroup N of G, ^ Xq, G x^i G/N is Morita equivalent 
to AXa\ N, and of Mansfield's imprimitivity theorem (||l^) for coactions (as 
generalized to non-amenable groups in |l^), which provides a Morita equiv- 
alence between A xg G Xt. N and ^ x^i G/N for a coaction 5 (satisfying 

a mild condition) of G on ^ and any closed normal subgroup A^ of G. For 
discrete multiplicative unitaries, Ng's theorem generalizes Baaj-Skandalis 
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2 KALISZEWSKI AND QUIGG 

duality (ignoring differences between full and reduced crossed products) in 
the same way that Green's theorem generalizes Imai-Takai-Takesaki duality 
( |p!o| ), and Mansfield's theorem generalizes the duality of Katayama ([p!^]). 
Now the significance of Green's theorem is that his imprimitivity bimod- 
ule may be viewed as a Hilbert ^ x^i A^-module with a nondegenerate left 
action of ^ x^ G by adjointable operators, and thus allows induction of rep- 
resentations from AXa\N to Axq,G via Rieffel's framework ( [ p| ] ) . Similarly, 
Mansfield's bimodule allows induction of representations from ^ x^i G/N to 
A xs G. The representation-inducing processes arising from these bimod- 
ules, and their interactions with one another, have received much attention 



lately (see |^, g, g, |12|, ^^ ) , and the method that has evolved is to work with 
the bimodules that implement the inducing maps on representations, rather 
than with those inducing maps themselves. We call the bimodules involved 
right-Hilbert bimodules; they are essentially imprimitivity bimodules k^b 
together with nondegenerate homomorphisms of A into M{K). 

The equivariant right-Hilbert bimodules — that is, those right-Hilbert 
bimodules a^b which carry compatible actions or coactions of a group 
G — turn out to be closely related to imprimitivity theorems. In work 
with S. Echterhoff and I. Raeburn which is currently in preparation we 
have shown, for example, that Green's imprimitivity theorem can be viewed 
as a natural equivalence between the crossed product functors (^4, G, a) i— > 
AXaGxg,^G/N and {A, G,a) >-^ Ax^^N defined on a category whose objects 
are C*-algebras with actions of G and whose morphisms {A, a) — s- {B, (3) are 
(isomorphism classes) of equivariant right-Hilbert A - B bimodules (Q). 

In this paper, we show that Ng's imprimitivity theorem is similarly com- 
patible with equivariant right-Hilbert bimodules. To do so, we must first 
develop a theory of coactions of Hopf C*-algebras Sy and Sy on right-Hilbert 
bimodules, and their crossed products; this is done as efficiently as possible 
in Section |2| by building for the most part on Ng's imprimitivity bimodule 
apparatus (H^). In Section ^, we review Ng's fixed-point theorem (p^, 
Proposition 2.11]), since it provides the construction of the bimodule which 
appears in his imprimitivity theorem. Here we prove two lemmas relating 
Ng's bimodule to the linking algebra and standard right-Hilbert bimodule 
(see below) constructions we use in proving our main theorem. 

In the final section, we prove our main result: for U , V , and W as in Ng's 
theorem, and for a suitably nondegenerate injective right-Hilbert bimodule 
coaction of Sy on a^b-, 

^(^) ®A.S^. XxSw=XxSvX,Su ^B.SyX.Su ^(^) 

as right-Hilbert A x Sy x^ 5*;/ - Bx Sw bimodules, where N(A) denotes Ng's 
A X Sy Xr Sjj -Ax Sw imprimitivity bimodule (and similarly for N{B)). 
As discussed above for group actions, this should give a natural equiva- 
lence between certain crossed-product functors, although we don't formalize 
this in the present paper. (Part of our point here is that any reasonable 
imprimitivity theorem should be compatible with equivariant right-Hilbert 
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bimodules, and that the proof of this, following the same strategy we use in 



the proof of Theorem 4.1, should be relatively straightforward.) Our theo- 
rem should have implications for induced and restricted representations of 
crossed products by Hopf C*-algebras, and for equivariant KK-theovy as in 

i- 

A substantial amount of this research was conducted while the first author 
visited the second at Arizona State University, and on another occasion while 
both authors visited the University of Newcastle. We particularly thank Iain 
Raeburn in Newcastle for his hospitality. 

Preliminaries 

For compatibility with Ng's work on imprimitivity bimodules, we define 
a right-Hilbert A - B bimodule over C*-algebras A and B to be an imprim- 
itivity bimodule k^b together with a nondegenerate homomorphism of A 
into M{K). If X is a fuh Hilbert S-module (cf. |l|]), then X is a /Cb(X) 
- B imprimitivity bimodule, and M(/Cb(X)) = Cb{X), so this is the same 
as having a nondegenerate action of A by adjointable operators on X. Note 
that K itself becomes a right-Hilbert A - K bimodule by using the natural 
K - K imprimitivity bimodule structure on K; we call this a standard right- 
Hilbert bimodule. We have the decomposition aXb — aK ®k Xb of any 
right-Hilbert bimodule as a balanced tensor product of a standard bimod- 
ule and an imprimitivity bimodule. We use the conventions of Q regarding 
multiplier bimodules, linking algebras, and homomorphisms of imprimitivity 
bimodules. 

Let {S, 5s) be a Hopf C*-algebra, and let 5 : ^4 — > M{A (g) S*) be a coaction 
of S on a C*-algebra A, as in g, Definition 0.2]. The coaction 5 is called non- 
degenerate if span{(5yi(A)(l (8) (S)} = A®S. A covariant pair for (A,S,6) on 
a C*-algebra B consists of a nondegenerate homomorphism 9: A ^> M[B) 
and a unitary corepresentation u € M{B ® S) of S such that 

{6 ® id) o 5{a) = Kd{u){e{a) ^ 1) 

for each a £ A (Ijl^, Definition 2.8]). The full crossed product for {A,S,6) 
is a C*-algebra A Xg S together with a universal covariant pair {j,v) for 
{A, S, 6) on A xsS (fl^. Definition 2.11(b)]). U S = Sy for a multiplicative 
unitary V coming from a Kac system (see below), we write ^ x^ Sy (with 
no hat) for A Xg S. 

Let V G C{H (g) H) be a regular multiplicative unitary as in p. We let L 
and p denote the maps of C{H):^ into C{H) defined by 

L{uj) = (w (g) id) (V) and p{uj) = (id (gcj) (V) ; 

then we have the associated reduced Hopf C*-algebras 

Sy = span{L(u;) j lo G C{H)^} and Sy = span{p(tj) | lo E C{H)^} 

with comultiplications 5y and 5y, respectively, given by 

6y{x) = V{x®l)V* and 6y{y) = V*{1 ^ y)V 
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(|§, Theoreme 3.8]). The corresponding full Hopf C*-algebras are denoted 
{Sv)p and {Sv)p, but their comultiplications are still denoted Sy and Sy ([@, 
Corollaire A.6]). We view L both as a faithful representation of Sy and as 
a nondegenerate representation of {Sv)p on C{H); similarly, we view p as a 
map on both Sy and {Sy)p (cf. ||l^, Proposition 1.16(i)]). 

The unitary corepresentations u £ M{B (^ Sy) of Sy are in bijective 
correspondence with the nondegenerate homomorphisms v. {Sy)p — > M{B) 
(|17, Lemma2.6]). If [A,Sy,5) is a coaction, by |l^, Remark 2.12(b)] we 
have 

A -KsSy =span{j(a)/u(y) ] a G A,y G {Sy)p}, 

where //: {Sy)p — > M{A x^ Sy) is the nondegenerate homomorphism cor- 
responding to V. For every pair of homomorphisms 9: A ^^ M{B) and 
v. {Sy)p — > M{B) coming from a covariant pair {0,u), there is (by defi- 
nition of the crossed product) a unique nondegenerate homomorphism 9 x 
u: AxsSy -^ M{B) such that 

{9 X v) o j = 9 and {9 x u) o jj, = u, 

and the latter condition is equivalent to 

{{9 X u) (g)id)(w) = u. 

Let ttl = (id(8)iJ) o(5: ^ — > Ca{A® H). Then the reduced crossed product 
(0, Definition 2.11(a)]) is 

A xs^r Sy = C*{{7rLia){l (g) p{lo)) | a G A, w G C{H)^}) C Ca{A ® if). 

The reduced crossed product by a coaction 6p of (5";/)^ is defined similarly, 
and we have 

^ X(5p,r (5'y)p — ^ X(5,r Sy , 

where the coaction 6 = (id (^L) o (5p of Sy is the reduction of 5p (]|l^, Propo- 
sition 2.14]). There is a dua/ coaction 6 of (5'v')p on the full crossed product 
A Xs Sy which satisfies 

<5(i(a)/i(y)) = (j(a) l)(/x id)(V(y)) 

for all a G A, 2/ G {Sy)p; we also denote its reduction by 6 (l|l9|. Proposi- 
tion 2.13]). 

Now suppose V comes from a Kac system {H,V,U) (j^, Definition 6.4]). 
For any coaction 6 of Sy on A, we have 

(1.1) 

A xs^rSy = span{7rL(a)(l i^ p{uj)) | a G A,a; G C{H)^} C /:^(yl (g) ii). 

Similarly, for any coaction 6 of S'y on A, we denote the reduced crossed 
product by A x^,. Sy ([y, Definition 7.1]), and we have 

(1.2) 

A xs^r Sy = span{^A(a)(l ® L{uj)) | a G ^, u; G C{H)^} C Ca{A ® H), 

where A = Ad{U) o p and tta = (id (8)A) o 5 (g Lemme 7.2]). 
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It is important to note that for any Kac system {H,V,U), {H,V,U) is 
also a Kac system (||2|, Proposition 6.5]), where V = T,{U (E) l)V {U l)Ti and 
S denotes the flip operator on H®H, and that then {Sy, 6v) — {Sy,6y) as a 
consequence of |^, Proposition 6.7]. Hence, for any coaction {A,Sv,S) there 
is a coaction {A, Sy,S') such that AxsSy — Axgi Sy and Axs^rSy — Axs'^r 
Sy. Thus any results about crossed products by coactions of Sy always yield 



analogous results for coactions of Sy'- for example, Equation (1.2) above can 



be derived from Equation (LI) by replacing V by V. 

Let 1^ be a regular multiplicative unitary, and let ip: A -^ M{B) be a 
nondegenerate homomorphism which is equivariant for coactions 6a and 5b 
of Sy; i.e. such that 

Sb o Tp = {ip iSi id) o 5a- 

If [Jb-,vb) is the universal covariant pair for (B,Sy,5B) on B x Sy, then 
(JB °'4^-,vb) is a covariant pair for {A,Sy,5A)i so we get a nondegenerate 
homomorphism ip x Sy = {jb o tp) x fiB'- A x Sy — > M{B x Sy), where 
fj^B'- iSy)p — > M{A X Sy) corresponds to vb as in jl^. Lemma 2.6]. If tp is 
equivariant for coactions of Sy on A and B, we likewise get a nondegenerate 
homomorphism ip x Sy : A x Sy -^ M{B x Sy). 

The analogous result for reduced crossed products, which we will need in 
order to define the reduced right-Hilbert bimodule crossed products in the 
next section, requires a bit more work: 

Lemma 1.1. Let V he a regular multiplicative unitary on a Hilbert space H , 
and let 6a and 5b be coactions of Sy on C* -algebras A and B. Suppose also 
that Ip: A ^ M{B) is a 5a ^ 5b equivariant nondegenerate homomorphism. 
Then there exists a nondegenerate homomorphism ip x^ Sy. A x^^^r Sy — > 
M{B x^gr Sy) such that 

(1.3) {tPXrSy){7Tt{a){l0p{y)))=7T^{ij{a)){l®p{y)) 

for a £ A and y £ Sy. 

Proof. As in the proof of ||2|, Theoreme 7.5], A Xr Sy acts nondegenerately 
on A® H, and therefore on (A ® H) 0a B, where B is the standard right- 
Hilbert A - B bimodule arising from ip. It is straightforward to check that 
the map <I> : (^ (g) H) 0a B ^ B H determined by 

$((a '^A b) = ip{a)b (g) ^ 

is a Hilbert S-module isomorphism; thus CBi{A0H)i0AB) = Cb{B0H), so 
we obtain a nondegenerate homomorphism tp Xr Sy : Axj. Sy -^ Cb {B ® H) 
characterized by 

{tPXrSy){TTt{a){l0p{y)))m{c0O(^Ab))=<^{TT^{a){l0p{y)){{c0O®Ab)) 

for a,c G A, y £ Sy, S, € H, and b £ B. 
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Now for a, c, S,, and b as above, factor ^ = L{x)r] for some x £ Sy and 
r] £ H, and choose ai £ A and Xi € Sy such that 5yi(a)(l ® x) r^ ^" Cj 2;j. 
Then we have 

(V'X,5y)(7rf(a))(cD((c0O®A6)) 

= $((id(g)L) o5^(a)(c(g)L(j;)r?) (g)^&) 
= $((id(g)L)(5A(a)(l«)x))(c(g)r?)(g)A5) 

n 

Rs ^$((id®L)(ai®3;i)(c®ry)0^6) 

i 
n 

= ^$((ai0L(xi))(c®r?)0Afc) 
i 
n 

= ^$((aiC®L(xi)r?)®A&) 

i 
n 

i 
n 

= ^i^p{ai)(S)L{xi)){iJ{c)b^7]) 

i 

n 



« {'4)®L){5A{a){l®x)){^{c)b(^ri) 
= {il)®L){5A{a)){l®L{x)){il){c)b®ri) 

= {ip (g) L) o 6A{a){ip{c)b ® 

= iid(g)L)o5B{ipia))^{{c<E)0'»Bb) 

= 7rf(V'(a))(cJ>((c^0®B^)), 

so that (-0 x^ Sv){TTi{a)) = 7r£(V'(a)). Since it is straightforward to check 
that {tpXrSv)il'Sip{y)) = l®p{y) for y € Sy, this shows that tpXrSy maps 
AxrSy into M{B XrSy) ^ Cb{B®H) and also estabhshes Equation (Ol), 



which in turn makes it evident that ^ x^ Sy is nondegenerate. D 

2. COACTIONS ON RIGHT-HlLBERT BIMODULES 

Let y be a regular multiplicative unitary. For simplicity, we'll just write 
S for Sy and S for Sy. We define a coaction of the Hopf C*-algebra S* 
on a right-Hilbert A - B bimodule X to be an imprimitivity bimodule 
coaction {5k,^x,^b) of S on /^X^ (|jl^. Definition 3.3(a)]) together with a 
C*-coaction 5a of S on j4 such that the associated homomorphism ip: A ^ 
M{K) is 5a - 5k equivariant. We say that a right-Hilbert bimodule coaction 
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{Sa, ^Xi^b) is injective if 6a and 6b are (in which case 6x wih be also), and 
we say it is nondegenerate if 6a and 6b are nondegenerate C*-coactions. 

Given an imprimitivity bimodule coaction {6k, 6x,6b) of 5 on kXb, the 
rule 



,y bj \6xiyr 6 Bib) J 

defines a coaction 6l of S on the linking algebra L{X) = {x b) (El' 
Lemma 3.7]). Departing slightly from Ng, we will define the imprimitivity bi- 
module crossed product kXb Xs^S to be the corner jl{p){L{X) x^^ S)JL{q), 
where p = (g j]) and q = ([j 5) are the canonical projections in M{L{X)). 



By 1 16, Theorem 3.11], k^b x^^ S" is then a K xg^, S - B XSg S imprimi- 
tivity bimodule which is an imprimitivity bimodule crossed product in Ng's 
sense ( [|16| , Definition 3.5(b)]), and we have 

Similarly (this time in keeping with Ng) , we define the reduced crossed prod- 
uct kXb xs^,r S to be {id(g>L) o 6l{p){L{X) xs^^r S){id(g>L) o 6L{q) (0, 
Remark 3.20(a)]). By the proof of p^ , Proposition 3.19], it is a X x^^^ ,, S 
- B xsg^r S imprimitivity bimodule, and 

MX) Xs,,r S - (^ ^^-'^' 'I I l'-'^ f) = L{X Xs,,r S). 
\[X Xs^^r J) B XSg^r b J 

Now given a right-Hilbert bimodule coaction {6 a, 6 x ■,6b) of S on aXb-, 
the nondegenerate homomorphism ipxS: AxS — > M{K x S) makes kXb x S 
into a right-Hilbert AxS - BxS bimodule, which we denote by aXb x S and 
call the right-Hilbert bimodule crossed product of aXb by S. Similarly, the 
nondegenerate homomorphism ijj x^- S: Ax^- S ^ M{K x^ S) of Lemma |l1| 
makes kXb x^. S into a right-Hilbert A x^ S - B x^ S bimodule, which we 
denote aXb Xj- S. If V comes from a Kac system, we define right-Hilbert 
bimodule coactions of Sy — Sy and the right-Hilbert bimodule crossed 
products aXb X Sy and aXb x^ Sy by replacing V with V in the above 
definitions. 

If {6k,6x,6b) is an imprimitivity bimodule coaction of S on kXb, it 
is straightforward to check that the dual coaction 6l of Sp on L{X) x S 
restricts to the dual coactions 6k and 6b on the diagonal corners K x S and 
B X S. The restriction of 6l to the upper right corner kXb x S gives a 
map 6x such that (6k ,6x,6b) is an imprimitivity bimodule coaction of Sp 
on kXb X S which we call the dual imprimitivity bimodule coaction. (One 
can show that this definition agrees with that given for Hilbert modules 



in |16, Remark 2.18].) If {6a-,5x-,5b) is a right-Hilbert bimodule coaction 
of S on aXbi we define the dual coaction of Sp on aXb x S* to be the 
dual imprimitivity bimodule coaction {6k-,6x-:6b)-: together with the dual 
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C*-coaction 6a- Since 

{{tp X S)® id) o 6AUAia)fj,Aiy)) 

= ((^ xS)(^ id){{JA{a) 1)(/XA «) id)i5v{y))) 

= iJKiipia)) ®l){m(^ id)((5v(y)) 

= ^K{JK{'tp{a))fiK{y)) 

= 6k o{iJ X S){JA{a)fiA{y)) 

for all a € ^, y € 5^, the nondegenerate homomorphism tp x S: A x S ^ 
M{K X S) is 5a ~ 6k equivariant, so this is indeed a right-Hilbert bimodule 
coaction. 

Given a right-Hilbert bimodule coaction {6a-,6k^5k) of 5 on a standard 
bimodule a^k-, we have potentially two different right-Hilbert A x S - 
K X S bimodules: the bimodule crossed product aKk x S and the standard 
bimodule formed from the C*-algebra crossed product KxS and the nonde- 
generate homomorphism tp x S: A x 5 — *■ M{K x S). The following lemma 
shows that these coincide; in other words, a crossed product of a standard 
bimodule is a standard bimodule. 

Lemma 2.1. Let V be a regular multiplicative unitary, and let {6a,5k,6k) 
be a right-Hilbert bimodule coaction of S = Sy on a standard bimodule aKk- 
Then the right-Hilbert bimodule crossed product aKk ^Sk ^ ^^ isomorphic 
to the C* -crossed product K XSj^ S as a right-Hilbert A XSj^ S - K x^j^ S 
bimodule. An analogous statement also holds for the reduced crossed prod- 
ucts. 

Proof. Since aKk x S" is by definition kKk x S with the same homomor- 
phism ip X S, it suffices to show that kKk x S is isomorphic to the C*- 
crossed product K x^^^ S as a, K x^^^ S - K x^^ S imprimitivity bimodule. 

Let L = (f f ) be the linking algebra for kKk, and let 6l = (5^ 5^) be 

the associated coaction. Then by ||l^, Theorem 3.11], 

1^.^ r ^ nr-^ ( K X S kKk X S 

^'•'^ ^'''-^=\kKkxS KxS 

and the projection i ( ^(f g) in M{L xs^ S) corresponds to ( ^^^ J under 
this isomorphism. 

Let M2 denote the C*-algebra of two-by-two matrices over C. Then the 
canonical isomorphism $ : M2 ® K ^ L determined by$(("^)(8'/i:) = 
(cfc dfc) ^^ clearly id.<^5K ~ 6k equivariant; thus 

(2.2) Lxs^S^ (M2 K) Xid®5K ^• 

Note that this isomorphism takes j ( ^^ q ) € M{L x^^S) to j {{H) ® Ik) € 
M{{M2®K) x-.A^s^S). 
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We next claim that 

(2.3) (M2 K) Xid®5^ S^M2^{K xs^ S). 

For if i denotes the trivial coaction of C on M2, then fl7\ , Proposition 3.2] 
implies that 

(M2 K) x,^Sk c¥5 ^ (M2 x,C)0{K xs^ S), 

and the right and left sides of this equation are naturally isomorphic to the 
right and left sides, respectively, of Equation (|2.3| ). Under this isomorphism, 
the projection j{{ q [J ) <» Ix) G M{{M2 K) x-.^t^Sn S) is carried to ( j^ [] ) ® 
1^,^ G M(M2 ® {K xs, S)). 

Combining Equations (p.ip, ( p.2p , and (|2.3|), we have 

KxS kKk X 5^ 



, ^M2 0(/s:x5^ 5), 
xK/^ x5 K X S J ^ " '' 

and since j ( ^(f q ) maps to ( q [{ ) (8) 1, it follows that the corners rKk x^^, S" 
and K XSj^S are isomorphic asKx^j^S-Kx^j^S imprimitivity bimodules. 
For the reduced crossed products, it again suffices to show that rKk XrS 
is isomorphic to K Xj. S as a, K Xr S - K x^ S imprimitivity bimodule. By 
[p!6| . Remark 3.20(a)] we have 

K Xr S rKk Xr S^ 



\kKk Xr S K Xr S 

and it follows from equivariance of <I> : M2 -fC — > L that 

L Xs^,r S^{M2® K) Xid®5^,r S. 

Applying ||l^. Proposition 3.3], which is the reduced version of [^, Propo- 
sition 3.2], we get 

(M2 K) X,^s^,r C^ ^ (M2 X,,^ C) (g> {K Xs^.,r S), 
and hence 

(M2 ®K)XrS^M2(^{K Xr S). 

Combining these isomorphisms and matching up the projections as above, 
it follows that rKk X5ii,r S = K xg^r S. D 



For the proof of our main result (Theorem iA_) we will need to know that 
the decomposition aXb — aK ®k Xb is equivariant: 

Lemma 2.2. Let V be a regular multiplicative unitary, let {5a,Sx,^b) be 
a right-Hilbert bimodule coaction of S = Sy on a^b, <ind let 5k be the 
associated coaction on K = }Cb{X). Then there exist right-Hilbert bimodule 
isomorphisms 

aXb x^^ S = {aKk x^^ S) ®kxs (kXb xsx ^) 
and 

aXb Xs^.r S = [aKr XSjf,r S) '^r^^^s (k^B XSx,^ S)- 
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Proof. By definition, aXb x^^ S* is the imprimitivity bimodule rXb xSx S 
with the nondegenerate honiomorphism -0 x 5: Ax S ^ M{K x S) arising 
from ip: A ^ M{K). Since aKk x S" is kKk x S with the same map, for the 
first isomorphism it suffices to show that k^b x&x ^ — {kKk XSk '^) "^kxS 
{rXb y<Sx ^) ^ imprimitivity bimodules. But by Lemma |2.1| , kKk x S = 
K X S, so the result fohows from the usual cancelation C ^c Y = Y. 

The assertion about the reduced crossed products follows similarly from 



Lemma 2.1. D 



3. The fixed-point theorem 

Based upon the familiar results for actions of compact groups and coac- 
tions of discrete groups, one would guess that the crossed product by a 
coaction of a Hopf C*-algebra of compact type is Morita equivalent to the 
fixed-point algebra. In [1^ Ng proves a version of this fixed-point theorem, 
and this is crucial for his imprimitivity theorem, which we study in the 
next section. (We should point out that the imprimitivity theorem natu- 
rally involves a coaction of Su for a multiplicative unitary U coming from a 
discrete Kac system, but is proved by applying the fixed-point theorem to 
the corresponding coaction of Sfy, where U is compact.) Here we recall Ng's 
fixed-point result and establish some relations to multipliers and bimodules, 
in preparation for our work with Ng's imprimitivity theorem in Section ^. 

Let y be a regular multiplicative unitary of compact type such that Sy 
has a faithful Haar state ip. Again we'll just write 5 for Sy and S for Sy- 
Let 5 be a coaction of 5 on a C*-algebra A which is effective in the sense 
that 

spEn{6{A){A (g)l)} = A0 S. 

Ng shows in two steps ( pq . Theorem 2.7 and Proposition 2.9]) that the 
reduced crossed product A xg^r S is Morita equivalent to the fixed-point 
algebra A . Since it will simplify our computations with the imprimitivity 
bimodule, we will combine Ng's two steps into one. 

Ng's strategy is to use a nonunital version of Watatani's C*-basic con- 
struction ([^). The map E = Ea = {id(^ip)oS is a conditional expectation 
of A onto A^, and so A becomes a full pre-Hilbert yl -module under right 
multiplication and the pre-inner product 

{a,b)^s=E{a*b). 

The Hausdorff completion of the pre-Hilbert ^ -module ^ is a full Hilbert 
A -module, denoted T = J-^{A). Let r/ = r/^ be the canonical map of A into 
J^, and define ca S C^^s (T) and A = Aa : ^ — *• ^a^ i-^) by 

eAT]ia) = rj{E{a)) and A(a)ry(6) = rj{ab). 
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Then the C* -basic construction is defined to be the closed span in £j^s{T) 
of X{A)eA^iA), and is denoted C* (A^ca)- Since 

eAXia)eA = X{E{a))eA and E{a*) = E{ay, 

C* {A, ba) is a C*-algebra; in fact, a routine computation shows C* {A, ca) 
coincides with the imprimitivity algebra }Cj^s{J-). Moreover, a short com- 
putation shows that the left inner product is given on the generators by 

c*(A,eA)(^(o)'^(^)) = A(a)eAA(6*). 

Therefore, the Hausdorff completion J^ of the span{A(A)eAA(^)} - A pre- 
imprimitivity bimodule Ais a. C* {A, ca) - A imprimitivity bimodule. 

Ng's first step is to temporarily assume the coaction 5 is injective. Then 
the conditional expectation E is faithful, and Ng proves ( ||l8| . Theorem 2.7]) 
that in this case the map 

A(a)eAA(6) ^ (5(a)(l ® p{^))5{h) 

extends to an isomorphism of the C*-basic construction C* (^4, ca) onto the 
reduced crossed product A xs^r S, where 

p(c^) = (id®c/?)(y), 

which, as Ng observes in ||l^, proof of Lemma 2.5], is a member of S. 

Ng's second step is to remove the injectivity condition on 5 and note 
that, if we put / = kerJ, there is an injective coaction 5' on A/ 1 given by 
6'{q{a)) = (g id) o 6{a), where g: A — > A/ 1 is the quotient map. Then 
5' is also effective, q maps A isomorphically onto (A/I) , and the reduced 
crossed products A ycs,r S and (A/I) x^/ ,. S coincide. Ng deduces as a 
corollary (||l^. Proposition 2.9]) that Ax^^rS is still Morita equivalent to A^ . 

To combine Ng's two steps, note that in the second step the imprimitivity 
bimodule J- {A/ 1) is the completion of A/I with inner product 

(9(a),9(&))(A//)*' = EA/i{q{aTQ{b)) = go EA{a*b) = q{{a,b)^s). 

Since q is faithful on the image of {■,-)^s, T{A/I) can be identified with 
J^{A). More precisely, the map ry^(a) i-^ rjA/iiQi^^)) is well-defined and ex- 
tends to an isomorphism $ of the Hilbert A -module J' {A) onto the Hilbert 
(A/I) -module J^{A/I), with right coefficient map g|^«. Moreover, a short 
computation shows 

^{XA{a)eAXAib)7]Aic)) = XA/i{qia))eA/iXA/i{q{b))'^iT]Aic)), 

so <& is in fact an isomorphism of the C* {A, ca) -A imprimitivity bimodule 
J^{A) onto the C*{A/I,eA/i) - {A/lY' imprimitivity bimodule T{A/I), 
with left coefficient map determined by 

XA{a)eAXA{b) ^ >^A/i{q{a))eA/i>'A/i{q{b))- 

Combining with the isomorphism 

XA/Ma))eA/iXA/l{qib)) ^ 6'{q{a)){l (E) pi^))6'{qib)) 
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of C* {A/ 1, e^/i) onto {A/ 1) xy ,, S, and with the identification of A xs^r S 
and {A/ 1) xs'^r S, we get an isomorphism 

\A{a)eAX{b) ^ 6{a){l p{^))S{b) 
of C* {A,eA) onto A xg^r S. Putting all this together, we have a one-step 



version of Ng's fixed-point theorem ([18, Proposition 2.11]) — although we 



haven't addressed the case of coactions by Sp-. 

Proposition 3.1 ( [|18|| ). If V is a regular multiplicative unitary of compact 
type such that S = Sy has a faithful Haar state ip, and if 6 is an effective 
coaction of S on A, then A is a pre-imprimitivity himodule between the pre- 
C* -algebra B = span{6{A){l (g) p{ip))S{A)} and the fixed-point algebra A , 
with operations given for a,b,c ^ A and d ^ A by 

{S{a){l ^ p{^))6{b)) ■c = aE{bc) 
a ■ d = ad 
B{a,b) = 6{a){l^piv))5{b*) 
{a,b)^s=E{a*b). 

Consequently, the Hausdorff completion J-{A) of A is an A x^,^ S - A 
imprimitivity bimodule. 

Now let [6a-, 6x,Sb) be a coaction of S* on an A - S imprimitivity bimod- 
ule X, let L = L{X) be the linking algebra, and let 5l be the associated 
coaction of 5" on L. Then we have 

^ ( 5a{A){A<^1) 5x{X)-{B(^l) 
\5x{X)~-{A(^l) 6b{B){B^1) 

and 

6xiX) ■iB®l) = 6xiX-B)-iB® 1) 

= dx{X)-6B{B){B®l); 

it follows from this (and by symmetry) that 6l is effective whenever 6a and 
6b are. 

Let p = (o o) £ M{L). We will need the following result in the next 
section. 

Lemma 3.2. Let V be a regular multiplicative unitary of compact type such 
that S = Sy has a faithful Haar state ip, and with notation as above, suppose 
that 6a and 6b are effective. Then the inclusion A ^^ L extends to an 
isomorphism $ of the A xs^^r S - A^ imprimitivity bimodule T{A) onto 
the 6l{p){L xs^^r S)6l{p) ~ pL^p imprimitivity bimodule 6l{p) ■ ^{L) -p. 

Proof. Let's first make sure we understand all the components of the state- 
ment of the lemma. On the right side of .F(L) we regard p as an element 
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of M{L^), which naturally embeds in M{L). Since the projections p in 
M{L^L) and (5l(p) = p O 1 in M(L x^ S") are full, (5l(p) • J^{L) ■ p is indeed 
a 5l{p){L Xr S)6l{p) - pL^p imprimitivity bimodule. We have 

(5l(p)(L x^ S)6Lip) = ip^ l)span{5L(L)(lM(L) ® S)}{p ® 1) 
= span{(p 1)(5l(L)(p ^ 1)(1m(A) ® <§)} 

= SpER{6L{p)6L{L)SL{p){lMiA) (^ 5')} 

= span{6L{pLp){lM{A) «) 5*)} 
= span{(5A(^)(lM(A) (^ S)} 

— J± X y o , 

where we have used p = Im{A)- On the other side, since El\a = Ea and the 
natural extension of El to M{L) is a conditional expectation onto M{L^), 
we have 

pL^^p = pEl{L)p = El{pLp) = Ea{A) = A^^. 

Thus, it suffices to show the inclusion A ^^ L respects the right inner 
products and the left module multiplications. For the inner products, if 
a,b £ A then 

{a,b)LSL = EL{a*h) = EA{a*b) = {a,b)^SA . 

Turning to the left module multiplications, first note that 

<^l(p)(1m(l) «) p{(p))6l{p) =p® p{^) = Im{A) ^ pM, 
so for a,b (z A we have 

h(.a){lMiL) (^ P(.^))h(.b) = SA{a){lM{A) ^ p{(p))SA{b). 
Hence, for a,b,c (z A we have 

{SL{a){lM(L) «) p{ip))6L{b)) ■ c = aEL{bc) = aEA{bc) 

= {5A{a){lM{A) ® p{'^))^A{b)) ■ c, 
and we're done. D 

We'll also need the following lemma concerning standard bimodules. 

Lemma 3.3. Let V he a regular multiplicative unitary of compact type such 
that S = Sy has a faithful Haar state ip. If ip: A ^> M{B) is a nondegener- 
ate homomorphism which is equivariant for effective coactions 6a and 6b of 
S, then ip extends to a nondegenerate imprimitivity bimodule homomorphism 
^: J^{A) -^ M{T{B)) with coefficient maps ip Xr S and V'U'Sa- 
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Proof. By |l^, Lemma 5.1], it's enough to show Tp preserves both module 
multiphcations and inner products. For a,b,c G A and d G A "^ we have 

^(^{6A{a){l ® p{ip))6A{b)) ■ c) = ^{aEAibc)) = ^{a)^ o EA{bc) 

= i;{a)EBOiP{bc) = i;{a)EB{ip{b)ij{c)) 
= {5B{ij{a)){l p{y,))6Bmb))) ■ i^ic) 
= {^ Xr S){6A{a){l (E) p{^))6A{b)) ■ iP{c), 

ip{a ■ d) = Tp{ad) = ip{a)ip{d) = ip{a) ■ ipid), 

M(Bx.5)(V'(a),^(&)) = 5B{Ha)){l(^p{v))SB{4^{b)) 

= ii; Xr S){6A{a){l(E p{ip))6A{b)) 
= i'ijjXrS){^^^^{a,b)), 
and 

(V^(a),V'(6)),,(^.^) = EBi^iaT^ib)) = EBO^{a%) 
= ip o EA{a*b) = V'U*A((a,&)A*A)• 



^ 



4. Equivariance and imprimitivity 



We now turn to the result we call Ng's imprimitivity theorem (p8|, The- 
orem 3.4]). This is an analogue, for multiplicative unitaries of discrete type 
(in fact, coming from discrete Kac systems), of Green's and Mansfield's 
imprimitivity theorems for group actions and coactions, respectively. Our 



main theorem (Theorem 4J) says that Ng's theorem is compatible with 
equivariant right-Hilbert bimodules; we begin by introducing the notation 
and construction of Ng's imprimitivity bimodule. 

Let U, V, and W be multiplicative unitaries coming from discrete Kac sys- 
tems, and assume M^ is a normal submultiplicative unitary of V and U is the 



corresponding quotient (see [18, Definition 3.2]); this implies that there ex- 
ist surjective Hopf *-homomorphisms Ly^w' Sy — *• Sw and pv,u'- {Sv)p — *• 
{Su)p- Thus any coaction 6 of Sy on A can be restricted to a coaction 
6\ = (id(8)-Z^y,vK) o (5 of Sw on A, and any dual coaction 6 of {Sv)p on 
A Xs Sv can be restricted to a coaction 5\ = {idiSipv,u) o 5 of {Su)p on 
A xs Sv- We can pass to the corresponding coaction of the reduced C*- 
algebra Su without changing either the crossed product or the fixed-point 
algebra, and we continue to denote this coaction by 6\. 

Now assume further that W is amenable, and let pwy'- {Sw)p -^ {Sv)p 
be the Hopf *-homomorphism vouchsafed by the normality of W in V. Ng 
shows that if 5 is nondegenerate, the nondegenerate homomorphism 

(pA = JA X {Pa ° pwy) ■■ A xs\ Sw -^ M{A xs Sy) 
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is actually an isomorphism of A x^i Sw onto the fixed-point algebra {A xs 

Sv) , and that the restricted dual coaction 6\ of Su is effective. Viewing 
this as an effective coaction of 5a with U compact, Proposition p.l| provides 

an A X5 Sy x_^, Su - {A xg SvY' imprimitivity bimodule J^{A x^ Sy)', 
using the isomorphism (pA, this becomes an A x g Sy x h j. Su - A x ^^ Sw 
imprimitivity bimodule which we denote by N(A). 

With notation as below, we define the map Sx\'- X ^i- M{X (g) Sw) to be 
{id(SiLv,w)°^x', it is straightforward to check that then {Sk\,Sx\,Sb\) is an 
imprimitivity bimodule coaction of Sw on kXb and that tp: A^f M{K) is 
^a\ ~ ^k\ equivariant. We call the resulting right-Hilbert bimodule coaction 
(<^A 1 5 (^x I , (^B I ) of Sw the restricted coaction from Sy ■ The restricted dual 
right-Hilbert bimodule coaction (5yi | , (5x | , (5_b | ) of {Su)p is defined similarly; 
its reduction to Su is also denoted (5a | , <5x | > ^_b | ) • 

Theorem 4.1. Let U , V , and W he multiplicative unitaries coming from 
discrete Kac systems, with W an amenable normal submultiplicative unitary 
of V and U the corresponding quotient. Let {Sai^Xi^b) be an injective, 
nondegenerate coaction of Sy on a right-Hilbert A - B bimodule X, and 
suppose that the associated coaction 6k on the imprimitivity algebra of X is 
also nondegenerate. Then the diagram 

A xs^ Sy x^^i^^ Su A x^^i Sw 

(4.1) aXbXSx-^vXs^^^^Su 

B xsn Sv xs^ir Su -^^ B xs^\ Sw 
commutes in the sense that 

^(^) ^Ax5,. UXb X Sw) = {aXb X Sy X,, Su) ®B.Sy.rSu ^(^) 
as right-Hilbert A x Sy x^ Su - B x Sw himodules. 

Proof. By definition we have an imprimitivity bimodule kXb , a nondegener- 
ate homomorphism ip: A ^> M{K), and a coaction 5k of Sy on K = ICb{X) 
such that ijj is 5a ^ 5k equivariant and {5k,5x,5b) is an imprimitivity bi- 
module coaction of Sy on kXb which is nondegenerate by assumption. Our 
strategy will be to prove a version of Diagram ( |4.1| ) for the imprimitivity 
bimodule kXb, a version for the standard bimodule aKk, and then to 
combine them using the decomposition Lemma |2.2| . 

First consider the imprimitivity bimodule kXb'- let L = L{X) be the 
linking algebra of X, let p = ( q j] ) and q = ( [] 5 ) be the canonical projections 
in M{L), and let 5l be the associated coaction of Sy on L. Then 5l is 
injective since 5k and 5b (hence also 6x) are. Since 5b is nondegenerate. 



16 KALISZEWSKI AND QUIGG 

we have 

spMi{6x{X)-{l®S)} = span{Sx{X ■B)-{10S)} 

= span{5xiX)-6BiB)il®S)} 

= span{Sx{X) ■ {B S)} 

= X^S; 

similarly, the nondegeneracy of 5k implies that spEn{6x{X) • (1 S)} = 
X (2) S. It follows easily that 6l is nondegenerate as well. Thus, by |l^. 
Theorem 3.4], we have a K XSj^ Sy x^ , Su - K x^^\ Sw imprimitivity 

bimodule N{K), and an L xg^^ Sy x^ i ^ '^'^ ^ -^ ^"JlI '^w imprimitivity 

bimodule N{L). We claim that 

(4.2) 

^(K) ^KxS^ (kXb X Sw) = {kXb X Sv Xr Su) (^B.SyXrSu ^(^) 
as -R' X Sy Xy. Sfj - B X S]y imprimitivity bimodules. 

Now5L|=(g|S),SO 

(4.3) L{X)xs^\Sw = L{Xxs^\Sw). 

Also, {L{X)xSv,{Sv)pJl) = {L{XxSv),{Sv)p,eL), where CL = (^J t)' 

It follows that the coactions 6l\ and e^[ = { ^^ f^, ] of {Sij)p are isomor- 
phic, and therefore that their reductions are, so that 
(4.4) 
L{X) xs^ Sv x^^|_^ Su = L{X xs^ Sy) x,^,,, Su = L{X xs^ Sy x^^, ,, Su). 

Let pw,qw £ M{L{X x Sy/)) and pu,qu G M{L{X x Sy Xr Su)) be the 



canonical projections. Then using Equations (|4.3D and (4^) to view N{L) 
as an L{X x Sy XrSu) - L{X x Sw) imprimitivity bimodule, [0, Lemma 4.6] 
gives us a -ftT x Sy Xr Su - B x Sw imprimitivity bimodule isomorphism 

(pu ■ N{L) ■ pw) (^KxSw (-^^^ ^ ^^^ 

^ {kXb X Sy Xr Su) ^BxSyXrSu ^'i^ ' ^(^) " <iw)- 



Thus, in order to establish Equation (4.2) we only need imprimitivity 
bimodule isomorphisms pu ■ X{L) -pw — N{K) and qu • X{L) ■ qw — X{B), 
and by symmetry it suffices to prove the first. Now the isomorphism L{X x 
Sy Xr Su) = L{X X Sy) Xr Su takes Pu to euipy), and the isomorphisms 
L{X X Sw) = L{X) xSw = {L{X) x 5y)^^l ^ L{X x Sy)'^\ carry pw to py. 
Therefore, Lemma ^^ (applied to the coaction of Sj^ on L x,. Sy equivalent 
to 6l\) tells us that 

PU ■ N{L) • PW = euipy) ■ T(L x, Sy) ■ py ^ T{K x, Sy) ^ N{K), 
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which gives Equation ( [4.2[ ). 

Next we consider the standard bimodule aKk with the right-Hilbert bi- 
module coaction {5a-,5ki^k)- We claim that 
(4.5) 



N{A)® 



AxSw 



{aKk X Sw) = {aKk X Sv Xr Su) 



KxSyXrSu 



N{K) 



as right-Hilbert Ax Sy y-r Sjj ~ K x Sw bimodules; by ||12|, Lemma 5.3] and 
Lemma p. l| , it's enough to show that there is a nondegenerate imprimitivity 
bimodule homomorphism ^ from N[A) to M{N{K)) with coefficient maps 
ip X Sy x^. Su and -0 x Sw- Applying Lemma ^^ to the nondegenerate 
homomorphism ip x Sy '■ A x Sy -^ M{K x Sy), which is equivariant for the 
coactions (of S^ equivalent to) 6a\ and 6k\ of Sjj, we obtain a nondegenerate 
imprimitivity bimodule homomorphism ^: J^(A x Sy) -^ M{J^{K x Sy)) 

Now by definition, 

{AxSyf^\ 
is il X {^\ o pwy). Thus, 

{JK X (/^^ ° Pwy)) ° {{JK ° V') X ^i^) 



with coefficient maps i/ixSyXj-Sf/ and (-i/^xS'y) I , - ^^ 

■0 X Sy = (j]^ o ■(/;) X jij^, and Ng's isomorphism (J)a- Ax Sw 



(pK o^lp X Sw) 



iJK ° ^) X (/^^ 



K ° Pwy) 
V _ :.\ ., ..y\ „ /-v ., / .y 



= ((Ji^ o V') X /x^) X (i^ X (ha o pwy)) 

= {tp X Sy) o (t)A- 
This shows that the isomorphisms (f)A'- Ax Sw ^ (^ x Sy)^^ and 0/^ : K x 
Sw —^ (KxSy) '^' carry the coefficient map (ipxSy)], a ,^^| toil^xSw] in 
other words, viewed as a map of N{A) into M{N{K)), ^ is a nondegenerate 
imprimitivity bimodule homomorphism with coefficient maps ■0 x Sy Xj. Su 
and ^p x Sw, which establishes Equation (|4.5|). 
We now have a prism 

N{A) 



AxSyXrSu 



AxSw 



A^B ^^V Xr5(^ 




J^X^Y Xrojj 



KxSv'XrSu 



N{K) 



j^XgXSyy 



BxSyXrSu 



NiB) 




- KxSw 



-*■ BxSw 



in which the front two faces commute by the above arguments, and the 
commutativity of the back face is the desired result; it only remains to show 
that the two side triangles commute. That is, we need to know that 



aXb X Sy Xr Su — {aKk X Sy x^ Su) 



^KxSyXrSu 



{kXb X Sy Xj. Su) 
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and 

aXb X Sw — {aKk X Sw) ^KxSw (^-^B ^ '^^) 
as right-Hilbert A x Sy Xr Su - B x Sy Xr Su and A x Sw - B x Sw 



biniodules, respectively. But this follows from Lemma 2.2, in the first case 



applied to the coaction (5yi|, (5x|, 5b|) of Sjj on a^b x Sy and then using 



K X Sy = aKk X Sy from Lemma 2.1. D 



Remark 4.2. For an imprimitivity bimodule coaction {6k, 6x, 6b) of a Hopf 
C*-algebra, it is probably true that 6k is nondegenerate whenever 6b is; this 



would simplify the hypotheses of Theorem 4.1 somewhat. Unfortunately, we 
have been unable to find a proof. (For group coactions, it is true — see pl| , 
Proposition 2.3] — and the proof is fairly nontrivial.) It may be possible 
to finesse the problem, but since our main point here is to illustrate our 
approach to imprimitivity theorems, we have chosen not to get mired in 
nondegeneracy issues. 
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